Abstract. In this paper we classify the irreducible integrable modules for the twisted toroidal extended affine Lie algebras with center acting non-trivially.
Introduction
In order to unravel the secret behind success of representation theory of of EALAs (see [13, 15, 1] , and references therein). Unlike Kac-Moody algebras, EALAs may have infinite dimensional centers. So representation theory of EALA's is still in progress. 
Then the Lie algebra L(
• g) ⊕ Ω An /dA n ⊕ S n is called toroidal EALA. In [3] Billig constructed irreducible representation of toroidal EALAs using vertex operator algebras. In [4] Billig and Lau constructed irreducible modules for twisted toroidal EALAs. In this paper we classify irreducible integrable modules for twisted toroidal EALAs where center acts non-trivially.
In section 3 we start with Lie algebra of derivations Der(A n ) which we denote by D and consider the subalgebra T of U (D ⋊ A n ). We consider the ideals I k of T and prove that their intersection is zero (Proposition 3.2).
Using this we prove that every S n ⋊A n irreducible module with finite dimensional weight spaces and associative action of A n is isomorphic to F α,1 (V ), where V is a finite dimensional irreducible module for sl n , which improves the result in [14] . Our result is also finer than result in [5] (Theorem 5.2) as it follows that the abelian Lie algebra a n must act trivially on irreducible modules. In section 4 for the loop algebra L(
• g) we define ideals F d similarly as in [2] and and prove that intersection of ideals F d is zero (Proposition 4.1). In section 5 we define our main object of study twisted toroidal EALAs T , by defining full toroidal Lie algebra and toroidal EALAs. We start with an irreducible integrable module V with finite dimensional weight spaces of T with condition that the central elements K 0 , K 1 , . . . , K n act nontrivially.
Up to an automorphism we can assume that K 0 acts as C 0 ∈ Z >0 and K i acts trivially for 1 ≤ i ≤ n. Rest of the paper follows in the similar path as in [2] . We define T = T − ⊕ T 0 ⊕ T + a natural triangular decomposition of T and prove that V is highest weight module with respect to it and its the highest weight space M is a nonzero T 0 irreducible module. Then we use result in [10] to discard the elements of T 0 which act as scalars and consider its subalgebra L. Then L and M are Z n graded and M is Z n graded module of L. As like in [2] we consider the subalgebra I of L, which is ungraded and its finite dimensional moduleṼ which is quotient of M . Then by [2] (Theorem 8.3) it follows thatṼ is completely reducible I module with isomorphic irreducible components. So we consider the finite dimensional irreducible module of I and classify them. It turns out to be an irreducible module for sl n ⊕ g(0). Here we would like to point out that Proposition 3.2 plays a crucial role in this classification result as techniques in [2] won't work in the present case.
We lift I moduleṼ to L-module L(Ṽ ) similarly as in [2] . In caseṼ is irreducible I module then M can be identified with the one of the irreducible components of L(Ṽ ), while in case of reducibility, M is still submodule of L(Ṽ ) with inclusion being twisted. Finally, we start with sl n ⊕ g(0)-module and give it L structure, which contains an isomorphic copy of M a T 0 irreducible module, and obtain our irreducible integrable module V for T as a quotient of an induced module of M .
Notations
Let C, R, denote the fields of complex numbers and real numbers. Let N be set natural numbers, let Z be set of integers and Z ≥0 , Z >0 denote the set nonnegative and positive integers respectively. We denote
Let (·|·) denote the standard inner product on C n . For k = (k 1 , . . . , k n ) ∈ Z n ,
For any Lie algebra L, U (L) denotes its universal enveloping algebra.
3.
In this section we improve Xu's [14] result. Let
a Laurent polynomial ring in n variables, where n ≥ 2. Let D = Der(A) be the Lie algebra of derivations on A n . Recall that
. Let for u ∈ C n and r ∈ Z n , define
and T = span{T (u, r)|u ∈ C n , r ∈ Z n }. It follows that T is a Lie algebra by the following identity:
It is well known that I k 's are ideals in T .
Now for u ∈ C n and r ∈ Z n define S(u, r) = D(u, r) − D(u, 0) ∈ D and S = span{S(u, r)|u ∈ C n , r ∈ Z n }. It is easy to check that S is a Lie algebra.
The following proposition is easy to prove:
Proposition 3.1. T and S are isomorphic as Lie algebras under a map φ(T (u, r)) = S(u, r).
In particular ideals of T and S are in one to one correspondence. Let
Proof. It is enough to show that 
that f i (1, · · · , 1) = 0. Now we will find a suitable row of a p × n matrix 
Then by above, there exists N ∈ Z n ≥0 such that 
1). We have Φ(T
It is also easy to see that
We will be done if we show s k = 0 for some k. As strictly decreasing sequence of non-negative integers must terminate to zero at some point, without loss of generality we may assume
is surjective and we are done as the prior space is zero.
Now consider the map Φ :
and the pro-
Proof. We will be done if we show that Ψ(T (u, r)) = 0 for (u|r) = 0, u ∈ C n , r ∈ Z n . Unless otherwise stated the term T (e i , e j ) always mean i = j for 1 ≤ i, j ≤ n. Now consider the identity for i = k, [T (e j , e k ), T (e i , e j )] =
T (e i , e k ) + T 2 (e i , 0, e j , e k ). As Ψ is zero on bracket, interchanging j and k in the last equation, the second term of RHS remains same. Hence
We will prove the claim by induction on k. Case k = 1 is obvious. For
T (e j − e i , e i + e j ), and applying Ψ to it we get T (e j − e i , e i + e j ) = C j − C i , and by similar method we get T (e i + e j , e i − e j ) = C i + C j . Now by considering the bracket [T (e i +e j , e i −e j ), T (e i , 2e j )] and applying Ψ gives us Ψ(T (e i , 2e j ) = C i . Now assume the result holds for k ≤ p. We first consider the bracket [T (e j −e i , e i +e j ), T (e i , (p−1)e j )] to get Ψ(T (pe i −e j , pe j +e i ) = pC i − C j . Using this in the bracket Ψ([T (e i + e j , e i − e j ), T (e i , (p + 1)e j )]) to get Ψ(T (e i , (p + 1)e j )) = C i , which prove the claim. Now as I = Kernel(Φ)
. . , e j )) = 0. But using above claim we get 0 = Φ(T d (e i , 0, e j , . . . , e j )) = T (e i , 0)+
We now prove the proposition for n = 2. First consider the following identity
abT (ae 1 − be 2 , ae 2 + be 1 ). Applying Ψ to this bracket and using
we get that Ψ(T (ae 1 − be 2 , ae 2 + be 1 )) = 0. Now let u ∈ C 2 and r ∈ Z 2 such that (u|r) = 0. So
r 1 e 2 , r 2 e 2 + r 1 e 1 )) = 0. Now we will attempt to prove general case. Let for u ∈ C n , r ∈ Z n (u), I u,r be the indices i such that u i r i = 0 for 1 ≤ i ≤ n.
Let |I u,r | = q. We will use induction on q to prove the result. For q = 0 the result follows by applying Ψ to the bracket [T (e i , ke j ), T (e j , m)] where
e j , r ′ = r − r i e i . Note that (u ′ |r) = 0 and
e j , r). Applying Ψ to this equation we see that the first term in RHS is zero by induction.
So we will be done if we show that u i r j Ψ(T (r j e i − r i e j , r)) = 0. This follows by applying Ψ to the bracket [T (r j e i − r i e j , r i e i + r j e j ), T (e i , r ′ )] where
Now let u ∈ C n and r ∈ Z n (u) and I u,r be the indices i such that u i r i = 0 for 1 ≤ i ≤ n. Let I u,r = {i 1 , . . . , i q }. Now we need the following from [14] .
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Proposition 3.5. [14] For u ∈ C n and r ∈ Z n (u), let
Remark 3.6. Using above proposition Xu [14] proved that sl n ∼ = T ′ /J ′ 2 with the map:
T (e j , e i )+T (e j −e i , e i +e j )+J ′ 2 . Hence it follows that every finite dimensional irreducible T ′ or S ′ -module is module for sl n .
Now consider the Lie algebra
module is called weight module if it is h weight module. Let V be an irreducible finite dimensional sl n -module and consider the space V ⊗ A n , for v ∈ V m ∈ Z n we denote v(m) = v ⊗ t m . let u ∈ C n and r ∈ Z n (u) and I u,r be the indices i such that u i r i = 0 for 1 ≤ i ≤ n. Let I u,r = {i 1 , . . . , i q }.
Then for for α ∈ C n and 0 = c ∈ C, F α,c (V ) := V ⊗ A n is an irreducible S n ⋊ A n -module (see Proposition 2.1 [14] ) with the following action:
It is easy to see that F α,c (V ) ∼ = F α,1 (V ) as S n ⋊ A n -modules, so we assume c = 1. Now let V be an irreducible S n ⋊A n weight module with finite dimensional weight spaces and an associative action of
where V r = {v ∈ V |D(u, 0)v = (u|α + r)v}, where α ∈ C n is universal for all r ∈ Z n (see [7] ). Then for all r ∈ Z n , V r is finite dimensional irreducible T ′ -module and t r V 0 = V r , and V = r∈Z n t r V 0 . As we have proved that on every finite dimensional irreducible T ′ -module J ′ 2 acts trivially. We have the following:
Using above proposition we have the following:
Theorem 3.8. Let W be an irreducible finite dimensional S n ⋊ A n -module with finite dimensional weight spaces and with associative action of A n , then
Proof. Let W = r∈Z n W s be weight space decomposition and each W r is an irreducible T ′ module and W s = t r W 0 = {w(r)|w ∈ W 0 , } (see [7] , Proposition 3.2, or [14] , Proposition 4.1). Then we have
INTEGRABLE MODULES FOR TWISTED TOROIDAL EXTENDED AFFINE LIE ALGEBRAS 11
Now using D(u, r) = t r T (u, r) − t r D(u, 0), we get in one-to-one correspondence with finite dimensional irreducible modules of sl n ⊕ a n , where a n is a n dimensional abelian Lie algebra. From above Theorem 3.8 it follows that a n must act trivially on its one dimensional representation.
4.
Now consider the loop algebra L(
• g is a simple finite dimensional Lie algebra. Let for X ∈ • g and k ∈ Z n , we denote X(k) = [2] , Lemma 7.1). We have the following proposition:
Proof. Proof of this proposition is in the similar lines of Proposition 3.2. In-
, where f i (t) ∈ A and X i 's are linearly independent for 1 ≤ i ≤ q. As done in Proposition 3.2 for each we f i (t)
we have S i ∈ Z n such that 5.
be the corresponding loop algebra,
• g is finite dimensional simple Lie algebra with a Cartan subalgebra
• h. Let Let Ω A n+1 be a vector space spanned by symbols t
) with the following brackets:
where
Recall the Lie algebra of derivations of A n+1 , Der(A) with basis {d i , t
There are two non-trivial 2-cocycle of Der(A n+1 ) with values in Ω A n+1 /dA n+1 :
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is Lie algebra with the following brackets:
Now consider the subalgebra of divergence zero vector fields S n+1 of Der(A n+1 ).
One can define S n+1 = {D(u, r)|(u|r) = 0, u ∈ C n+1 , r ∈ Z n+1 }.
It is well Known that unlike τ , τ div possesses a non-degenerate symmetric, invariant bilinear form and is called as toroidal extended affine Lie algebra.
The form is defined as follows:
All other brackets of bilinear form are zero. Now let g 1 be any arbitrary finite dimensional simple Lie algebra with a Cartan subalgebra h 1 . Let Then we have 
Lie torus if (1)
• g(0,0) is a finite dimensional simple Lie algebra.
(2) For (k 0 ,k) = (0, 0) and
where U (k 0 ,k) is trivial as g(0,0)-module and either W (k 0 ,k) is zero or satisfy the condition (M).
(3) The order of the group generated by σ i , 0 ≤ i ≤ n is equal to product of orders of each σ i , for 0 ≤ i ≤ n. Automorphism: Let B = (b ij ) ∈ GL(n + 1, Z) and B −1 = (c ij ), then the following is automorphism φ B on τ by:
It is easy to check that φ B is an automorphism on τ . Now as for u ∈ C n+1 , r ∈ Z n+1 such that (u|r) = 0, φ B D(u, r) = D(uB −1 , rB t ) and as (uB −1 |rB t ) = (u|rB t B −1 t ) = 0. So S n+1 is invariant under φ B . Hence φ B leaves T invariant. So up to an automorphism we can assume that the central element K 0 as C 0 ∈ Z >0 and K i 's as 0 for 1 ≤ i ≤ n.
6.
In this section we will do root decomposition of
Cd i will be our Cartan subalgebra for the root decomposition 
In order to define a non-degenerate form on H * we first extend α ∈ Let ∆ re denote the set of real roots, and
For any real root γ of T , define the reflection r γ on H * by r γ (λ) = λ − λ(γ ∨ )γ for λ ∈ H * . Let Weyl group W of T be the group generated by r γ , ∀ γ ∈ ∆ re . Now we define the category of integrable modules for T .
(2) All the real root vectors act locally nilpotently on V , i.e., We have the following : Proposition 6.2. Let V be an irreducible integrable module for T . Then
(3) If λ ∈ P (V ) and γ ∈ ∆ re , then λ(γ ∨ ) ∈ Z.
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(4) If λ ∈ P (V ) and γ ∈ ∆ re , and λ(γ ∨ ) > 0, then λ − γ ∈ P (V ).
(5) For λ ∈ P (V ), λ(K i ) is an integer independent on λ.
6.1. Now rest of this paper we will work with irreducible integrable representation V of T with central element K 0 acts as C 0 ∈ Z >0 and rest of K i 's act trivially for 1 ≤ i ≤ n. We now define an order on H * . Let for λ ∈ H * , λ ′ denote the restriction of λ to 
be a maximal root in ∆ 0,en . Define α 0 = −β 0 + δ 0 , which may not be root T . Let α 1 , . . . , α q be simple roots of ∆(
• h(0)) and define the lattice
Nα i . Let for Λ, λ ∈ H * , we define an order on H by λ ≤ Λ if
Consider the natural triangular decomposition of T : 
We have the following
Proof. It will suffice to show the existence of γ ∈ P (V ) such that γ +β +δ k / ∈ P (V ) for any root β + δ k ∈ P (V ) with β > 0 and k ∈ Z n . This is similar to Theorem 5.2 of [2] .
It follows that M is a irreducible T 0 -module and
We will need the following results which can be proved similarly as proved in [10] .
Proposition 6.4.
(1) t s K 0 v = 0, for any nonzero v ∈ M and ∀s ∈ Γ
a basis for M k+s , where
By above proposition it follows that M ∼ = 
. Now we will rewrite LT 0 for our
Then g(0) = 0 as 
where v ∈ V, s, l ∈ Γ, u ∈ C n , r ∈ Γ with (u|r) = 0.
Theorem 6.5. V is completely reducible as I module with isomorphic irreducible components.
Proof. Proof of this theorem is exactly similar to Theorem 8.3 of [2] .
Remark 6.6. Using Λ-gradation on V one can define Λ-gradation on L( V ).
In case if V is irreducible as I-module it follows that M is isomorphic as T 0 -module to the zeroth graded piece of L( (V )) with respect to Λ-gradation.
When V is reducible as I-module, inclusion of M in L( V ) is more complex.
See Section 8 of [2] for more details.
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Now using above theorem, let W be an irreducible finite dimensional module of I, and let ρ : I → End(W ) be the corresponding representation.
Let K be the kernel of ρ. Then it is easy to see that K is a cofinite ideal of L(g(0), σ) and hence contains it follows that W 1 ⊗ W 2 is an irreducible module for sl n ⊕ g(0).
